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ALGEBRAS OF FREQUENTLY HYPERCYCLIC VECTORS
JAVIER FALCO´ AND KARL-G. GROSSE-ERDMANN
Abstract. We show that the multiples of the backward shift operator on the
spaces ℓp, 1 ≤ p <∞, or c0, when endowed with coordinatewise multiplication,
do not possess frequently hypercyclic algebras. More generally, we characterize
the existence of algebras of A-hypercyclic vectors for these operators. We also
show that the differentiation operator on the space of entire functions, when
endowed with the Hadamard product, does not possess frequently hypercyclic
algebras. On the other hand, we show that for any frequently hypercyclic
operator T on any Banach space, FHC(T ) is algebrable for a suitable product,
and in some cases it is even strongly algebrable.
One of the areas of research in linear dynamics is the study of the structure of
the set of hypercyclic vectors
HC(T ) = {x ∈ X : {x, Tx, T 2x, . . .} is dense in X}
of a linear dynamical system (X, T ).
It is well known that, as soon as an operator is hypercyclic, its set of hypercyclic
vectors has a rich structure. It always contains a dense subspace, and it sometimes
even contains a closed infinite-dimensional subspace.
When we also have a multiplicative structure on the space X , it is natural to
ask whether we can carry this structure to some subset of HC(T ). This problem
was first studied in [2] for two classical operators on the space H(C) of entire
functions: the Birkhoff translation operators Ta : f → f(· + a), a 6= 0, and
the MacLane differentiation operator D : f → f ′. Aron et al. showed that no
non-trivial power of any entire function is hypercyclic for a translation operator;
however, for the differentiation operator, many hypercyclic vectors satisfy that
all of its powers are hypercyclic. In fact, these elements form a dense Gδ-subset
of H(C).
The natural scenario for considering the existence of multiplicative structures
are Banach or Fre´chet algebras. In this paper we will focus mainly on Banach
algebras. Recall that a Banach algebra is an (associative) algebra X over the
real or complex numbers that at the same time is also a Banach space where the
norm and the multiplicative structure are related by the following inequality:
‖x y‖ ≤ ‖x‖ ‖y‖, x, y ∈ X.
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All the algebras that we are considering here are algebras over the field of the
complex numbers.
When we have a hypercyclic operator T on a Banach algebra X it is natural
to ask if HC(T ) contains a non-trivial subalgebra of X , except zero. When such
a subalgebra exists it is called a hypercyclic algebra for T .
Motivated by the result for the MacLane differentiation operator obtained in
[2], Shkarin [19] and Bayart and Matheron [7, Theorem 8.26] showed indepen-
dently that it admits a hypercyclic algebra, thereby providing the first known
example of an operator with a hypercyclic algebra. Recently, Be`s, Conejero and
Papathanasiou [9, 10, 12] and Bayart [4] extended the existence of hypercyclic
algebras to various other operators like convolution operators and certain transla-
tion operators, and the authors [16] proved the existence of algebras of hypercyclic
vectors for weighted backward shifts on Fre´chet sequence spaces that are algebras
when endowed with coordinatewise multiplication or with the Cauchy product.
Here we are interested in the study of the more restrictive case of frequent
hypercyclicity; in continuation of our approach in [16], our methods in this pa-
per will be constructive. A (continuous, linear) operator T is called frequently
hypercyclic if there is some x ∈ X so that, for any non-empty open subset U of
X ,
dens{n ∈ N0 : T
nx ∈ U} > 0,
where the lower density of a subset A ⊂ N0 is defined as
dens(A) = lim inf
N→∞
card{0 ≤ n ≤ N : n ∈ A}
N + 1
.
In this case, x is called a frequently hypercyclic vector for T . The set of frequently
hypercyclic vectors for T is denoted by FHC(T ). Upper frequent hypercyclicity
is defined in an analogous way. We refer to the monographs [7] and [17] for these
and other notions of linear dynamics.
We say that a frequently hypercyclic operator T on a Banach algebra X admits
a frequently hypercyclic algebra if FHC(T ) contains a non-trivial subalgebra of
X , except zero. If a frequently hypercyclic algebra is not finitely generated then
FHC(T ) is said to be algebrable. In this paper, when we say that an algebra
is infinitely generated, we mean that it cannot be finitely generated. Finally,
FHC(T ) is said to be strongly algebrable if it contains an infinitely generated
algebra, except zero, that is isomorphic to a free algebra. For a commutative
Banach algebra, this is equivalent to saying that FHC(T ) contains an algebra,
except zero, that is generated by an algebraically independent sequence (xn)n.
The notion of strong algebrability was introduced by Bartoszewicz and G lab¸ in
[3]. For more details on these topics we refer to the monograph [1].
The starting point of this paper is the study of the Rolewicz operator λB, for
λ ∈ C with |λ| > 1, and its set of frequently hypercyclic vectors. Recall that for
the Banach space X = ℓp, 1 ≤ p < ∞, or X = c0 and any λ ∈ C the operator
λB is defined by
λB(x(1), x(2), x(3), . . .) = (λx(2), λx(3), λx(4), . . .), x ∈ X,
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and it is frequently hypercyclic if |λ| > 1. The fact that these operators have
dense orbits was first proved by Rolewicz [20].
In Section 1 we show that, under the coordinatewise multiplicative structure,
the Banach algebras ℓp and c0 do not have a frequently hypercyclic algebra for
the Rolewicz operator. Motivated by this we ask in the remainder of the paper
if positive results exist in some weaker or related contexts.
We begin by demanding less than frequent hypercyclicity. In Section 2 we will
recall the notion of an A-hypercyclic vector. We then characterize the Fursten-
berg families A for which the Rolewicz operator on the spaces ℓp or c0 admits an
algebra of A-hypercyclic vectors, except 0. In particular, this is true when one
replaces lower density (as used in frequent hypercyclicity) by lower logarithmic
density. This implies that the Rolewicz operator has an upper frequently hyper-
cyclic algebra, which was also shown, in a different context and with different
methods, by Bayart, Costa Ju´nior and Papathanasiou [5].
In Section 3 we wonder if there exist frequently hypercyclic algebras for other
weighted shifts. We only get further negative results, first for some other natural
weights in the case of ℓp, and then for the MacLane operator on H(C) when
endowed with the Hadamard product.
In Section 4 it is shown that every Banach space admits a product under
which it becomes a Banach algebra and for which every frequently hypercyclic
operator T satisfies that FHC(T ) is algebrable. A stronger result holds under the
assumption that T has a frequently hypercyclic subspace; in this case, FHC(T )
is even strongly algebrable under a suitable product.
1. The Rolewicz operator and the coordinatewise multiplicative
structure
The first natural multiplicative structure that we can consider on the Banach
spaces ℓp, 1 ≤ p < ∞, and c0 is coordinatewise multiplication. It is well known
that under this product the spaces turn into Banach algebras. We show in this
section that the set FHC(λB) does not contain any algebra of frequently hyper-
cyclic vectors, except zero.
The following easy lemma will be the key point to obtain this result. Indeed
we will only need to use this lemma in the case of j = 1.
Lemma 1.1. Let A = (nk)k≥1 be a strictly increasing sequence of natural num-
bers. If A has positive lower density, then there exist numbers Mj ∈ N, j ∈ N,
such that
nk+j ≤ Mjnk
for all j, k ∈ N.
Proof. Since dens(A) = lim infk→∞
k
nk
> 0, the sequence (nk
k
)k is bounded. Hence
there exists a natural number M with nk ≤ Mk for all k ∈ N. Then, for all
k ∈ N,
nk+1 ≤M(k + 1) ≤ 2Mk ≤ 2Mnk,
which implies the result when we take Mj = (2M)
j , j ∈ N. 
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As usual, en denotes the sequence (0, . . . , 0, 1, 0, . . .) with the 1 at index n.
Proposition 1.2. Let us consider the Banach algebra X = ℓp, 1 ≤ p < ∞, or
X = c0 endowed with coordinatewise multiplication, and let λ ∈ C with |λ| > 1.
If x ∈ FHC(λB), then there exists a natural number M such that xm /∈ HC(λB)
for any m ≥M .
Proof. Fix 0 < ε < 1. Since x ∈ FHC(λB) the set
A = {n ∈ N : ‖(λB)nx‖ < ε}
has positive lower density. We enumerate the elements of A as a strictly increasing
sequence (nk)k. By Lemma 1.1 there exists a natural number M such that
(1.1) nk+1 ≤Mnk
for all k ∈ N. We claim that xm /∈ HC(λB) for any m ≥ M . We proceed by
contradiction. Assume this is not the case. Fix m ≥ M with xm ∈ HC(λB).
Then there exists a natural number n ≥ n1 with
‖(λB)nxm − e1‖ < 1− ε
m.
Then we have that
1− εm > ‖(λB)nxm − e1‖ ≥ |λ
nxm(n+ 1)− 1| ≥ 1− |λnxm(n+ 1)|,
hence |λnxm(n+ 1)| > εm and as a consequence
|x(n+ 1)| >
ε
|λ|
n
m
.
Now, there is some k ∈ N such that nk ≤ n < nk+1. Equation (1.1) implies
that n < Mnk ≤ mnk, so that
mnk − n ≥ 0.
But then
ε > ‖(λB)nkx‖ ≥
∣∣[(λB)nkx](n+ 1− nk)
∣∣
= |λnkx(n + 1)|
> |λ|nk
ε
|λ|
n
m
= ε|λ|
mnk−n
m ≥ ε,
which is a contradiction. The proof is complete. 
It is proved in [16] that in the present setting the set of hypercyclic vectors for
the Rolewicz operator is algebrable. As a consequence of the proposition we see
that no hypercyclic algebra for the Rolewicz operator can contain a frequently
hypercyclic vector.
Corollary 1.3. Let us consider the Banach algebra X = ℓp, 1 ≤ p < ∞, or
X = c0 endowed with coordinatewise multiplication. Then for any λ ∈ C with
|λ| > 1 the Rolewicz operator λB does not have any frequently hypercyclic algebra.
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Furthermore, no hypercyclic algebra for λB can contain a frequently hypercyclic
vector.
Remark 1.4. One might wonder whether Proposition 1.2 can be further strength-
ened: could it be that if x is frequently hypercyclic for λB then xm is not even
supercyclic for sufficiently large m? Recall that a vector x ∈ X is called su-
percyclic for an operator T on X if the set {αT nx : α ∈ C, n ∈ N0} is dense
in X . The supposed strengthening of the proposition fails dramatically: in our
setting, any power xm, m ∈ N, of any supercyclic vector x (and hence also of any
frequently hypercyclic vector) is supercyclic. Indeed, let x be supercyclic for λB.
Let m ∈ N, and let y ∈ X be a finite sequence. Choose a vector z ∈ X such
that zm = y. Then there exist sequences (αk)k of complex numbers and (nk)k
of natural numbers such that αk(λB)
nkx → z as k → ∞. It follows from the
continuity of taking powers in X that αmk (λ
(m−1)nk)(λB)nkxm → y as k → ∞.
This implies that xm is supercyclic for λB.
2. The Rolewicz operator and A-hypercyclicity
Even though the algebras X = ℓp, 1 ≤ p <∞, or X = c0 under coordinatewise
multiplication cannot contain an algebra of frequently hypercyclic vectors for the
Rolewicz operator λB, a weaker result holds. We show that there are algebras
of upper frequently hypercyclic vectors. We obtain this result in the broader
context of A-hypercyclicity. Recall that a non-empty family A of subsets of N0
is called a Furstenberg family if ∅ /∈ A and if A ∈ A and A ⊂ B ⊂ N0 implies
that B ∈ A. The Furstenberg family A is called finitely invariant (f.i.) if, for
any A ∈ A, A\ [0, N ] ∈ A for any N ≥ 0. Now, an operator T on a Banach space
X is called A-hypercyclic if there is a vector x ∈ X , called A-hypercyclic for T ,
such that, for any non-empty open set U ⊂ X ,
{n ≥ 0 : T nx ∈ U} ∈ A.
We refer to [11] and [14] for these notions.
Frequent hypercyclicity is A-hypercyclicity for the family A of sets of positive
lower density, while upper frequent hypercyclicity is defined by the family of sets
of positive upper density.
We start with the following very general observation.
Proposition 2.1. Let X = ℓp, 1 ≤ p <∞, or X = c0, be considered as a Banach
algebra under coordinatewise multiplication. Let A be an f.i. Furstenberg family,
x0 ∈ X and m ∈ N. If x
m
0 is A-hypercyclic for λB, |λ| > 1, then so is
∑N
ν=m ανx
ν
0
for any αm, . . . , αN ∈ C, N ≥ m, with αm 6= 0.
Proof. Since for α 6= 0, αx is A-hypercyclic if and only if x is, we may assume
that αm = 1. Then the fact that the backward shift is multiplicative implies that
(λB)n
(
xm0 +
N∑
ν=m+1
ανx
ν
0
)
− (λB)nxm0 =
N∑
ν=m+1
(λB)n(ανx
ν
0)
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=
N∑
ν=m+1
ανB
n(xν−m0 )(λB)
n(xm0 )
= (λB)n(xm0 )
N∑
ν=m+1
ανB
n(xν−m0 ).
Now, since Bnx→ 0 as n→∞ for any x ∈ X , we have that
N∑
ν=m+1
ανB
n(xν−m0 )→ 0
in X as n → ∞. Then the submultiplicativity of the norm in X easily implies
that xm0 +
∑N
ν=m+1 ανx
ν
0 is A-hypercyclic as soon as x
m
0 is. 
Remark 2.2. We note that the result holds in even greater generality. It remains
true, with essentially the same proof, for any weighted backward shift Bw on any
Fre´chet sequence algebra X under coordinatewise multiplication provided only
that the (unweighted) backward shift B is an operator on X so that Bnx → 0
for all x ∈ X ; see [16] for the relevant notions.
The proposition applies, in particular, to frequent hypercyclicity.
Corollary 2.3. Let X = ℓp, 1 ≤ p < ∞, or X = c0, be considered as a Banach
algebra under coordinatewise multiplication. Let x0 ∈ X and m ∈ N. If x
m
0 is
frequently hypercyclic for λB, |λ| > 1, then so is
∑N
ν=m ανx
ν
0 for any αm, . . . , αN ∈
C, N ≥ m, with αm 6= 0.
We can now obtain a characterization of the f.i. Furstenberg families A for
which λB admit an algebra of A-hypercyclic vectors.
Theorem 2.4. Let X = ℓp, 1 ≤ p < ∞, or X = c0, be considered as a Banach
algebra under coordinatewise multiplication. Let A be an f.i. Furstenberg family
and |λ| > 1. Then λB admits an algebra of A-hypercyclic vectors, except zero, if
and only if there exists a family (A(l, m))l,m≥1 of pairwise disjoint sets in A such
that, for any l, m, l′, m′ ≥ 1 and for any n ∈ A(l, m), n′ ∈ A(l′, m′) with n′ > n,
we have that
(2.1) n′ ≥ n + l and n′
m
m′
≥ n+ l + l′.
Proof. We first show that the condition is necessary. To see this, we write
(2.2) ρl,m = |λ|
lm + 1, l, m ≥ 1,
and we choose ε > 0 such that 3ε < min(1, |λ|−1). We consider the points
(2.3) zl,m = ρl,me1 + 2ε
lm
l+1∑
k=2
ek ∈ X, l,m ≥ 1.
By assumption there is a point x ∈ X so that all of its powers xm, m ≥ 1, are
A-hypercyclic for λB. Hence, for any l, m ≥ 1, there is a set A(l, m) ∈ A such
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that, for any n ∈ A(l, m),
(2.4) ‖(λB)nxm − zl,m‖ ≤ ε
lm.
Since A is finitely invariant we may assume that
(2.5) |λ|
n
m2 > 3ε−l, n ∈ A(l, m).
First we prove the second condition in (2.1). Fix l, m, l′, m′ ≥ 1, n ∈ A(l, m)
and n′ ∈ A(l′, m′) with n′ > n. Then we have by (2.3) and (2.4) that
|λn
′
xm
′
(n′ + 1)− ρl′,m′ | ≤ ε
l′m′ ≤ 1,
so that by (2.2) and the triangle inequality we obtain that
(|λ|l
′m′ + 1)− |λn
′
xm
′
(n′ + 1)| ≤ 1.
Hence
|λn
′
xm
′
(n′ + 1)| ≥ |λ|l
′m′ ,
and therefore
(2.6) |x(n′ + 1)| ≥ |λ|l
′− n
′
m′ .
On the other hand, (2.3) and (2.4) also imply that, if n < n′ ≤ n+ l,
|λnxm(n′ + 1)− 2εlm| ≤ εlm
and if n′ > n + l then
|λnxm(n′ + 1)| ≤ εlm;
since 3ε ≤ |λ|−1, we deduce that for any n′ > n
|λnxm(n′ + 1)| ≤ 3εlm ≤ (3ε)lm ≤ |λ|−lm
and therefore
(2.7) |x(n′ + 1)| ≤ |λ|−l−
n
m .
From (2.6) and (2.7) we obtain that
|λ|
n′
m′
−l′ ≥ |λ|
n
m
+l,
hence
n′
m′
≥
n
m
+ l + l′,
which implies the second condition in (2.1). This condition also implies the first
condition in (2.1) in the case that m ≤ m′.
For the remainder of the proof of necessity we will first show that if l, m, l′, m′ ≥
1, n ∈ A(l, m) and n′ ∈ A(l′, m′), then
(2.8) n ≤ n′ ≤ n+ l − 1.
implies that
(2.9) |λ|n(
1
m′
− 1
m
) ≤ 3εl
′−l.
Indeed, since then n+ 2 ≤ n′ + 2 ≤ n+ l + 1, we get from (2.3) and (2.4) that
|λnxm(n′ + 2)− 2εlm| ≤ εlm,
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hence
|λnxm(n′ + 2)| ≥ εlm
and therefore
(2.10) |x(n′ + 2)| ≥ εl|λ|−
n
m .
On the other hand, we get from (2.3) and (2.4) that
|λn
′
xm
′
(n′ + 2)− 2εl
′m′ | ≤ εl
′m′ ,
hence
|λn
′
xm
′
(n′ + 2)| ≤ 3εl
′m′
and therefore
(2.11) |x(n′ + 2)| ≤ 3
1
m′ εl
′
|λ|−
n′
m′ ≤ 3εl
′
|λ|−
n
m′ .
Combining (2.10) and (2.11) we obtain (2.9).
In particular, (2.8) implies that m′ ≥ m. Indeed, if m′ < m, then
1
m′
−
1
m
≥
1
m2
,
and hence, by (2.9),
|λ|
n
m2 ≤ 3ε−l,
which contradicts (2.5).
We can now show that the first condition in (2.1) also holds in the case that
m′ < m. By the above, (2.8) cannot hold, and thus n′ > n implies that n′ ≥ n+ l.
This concludes the proof of condition (2.1).
It remains to show that the sets A(l, m), l, m ≥ 1, are pairwise disjoint. Indeed,
suppose that n ∈ A(l, m), n′ ∈ A(l′, m′) with n = n′ and (l, m) 6= (l′, m′). If
m = m′, then we may assume without loss of generality that l′ > l. But since
(2.8) holds, we have inequality (2.9), which now implies that 1 ≤ 3ε, which
contradicts the choice of ε. Thus m 6= m′, and we may assume without loss of
generality that m′ < m. But then we have already seen that (2.8) leads to a
contradiction.
This finishes the proof of necessity. As for sufficiency, it suffices, by Proposition
2.1, to show that there is some point x ∈ X so that all of its powers xm, m ≥ 1,
are A-hypercyclic. To this end, let (yl)l≥1 be a dense sequence of finite sequences
in X such that ‖yl‖ ≤ l and sl ≤ l, where sl is the largest index of the non-zero
coordinates of yl. For m ≥ 1, let y
1
m
l be any fixed m-th root of yl, and we denote
by y
j
m
l , j ≥ 1, the jth power of the latter number. We adopt the same convention
for λ
1
m and λ
j
m .
We first note that
(2.12) ‖y
j
m
l ‖ ≤ l
max( j
m
,1)
for all l, j,m ≥ 1. For X = c0 this is obvious. For X = ℓp, 1 ≤ p < ∞, if j ≥ m
this follows immediately from the fact that ‖yl‖β ≤ ‖yl‖α whenever β ≥ α ≥ 1;
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if j ≤ m then this follows from Ho¨lder’s inequality:
sl∑
k=1
|yl(k)|
p j
m ≤
( sl∑
k=1
|yl(k)|
p
) j
m
sl
1− j
m ≤ lp
j
m l1−
j
m ≤ lp.
Now let (A(l, m))l,m≥1 be a family of pairwise disjoint sets in A that satisfies
the hypothesis. In replacing (A(l, m))l,m≥1 by (A(l +m,m))l,m≥1 we see that we
may assume that, for any l, m, l′, m′ ≥ 1, and for any n ∈ A(l, m), n′ ∈ A(l′, m′)
with n′ > n, we have that
(2.13) n′ ≥ n+ l and n′
m
m′
≥ n +m′ + l + l′.
In addition, since A is finitely invariant, we may assume that, for any l, m ≥ 1,
(2.14)
∑
n∈A(l,m)
1
|λ|
n
m
≤
1
l2l+m
.
We may now construct the desired sequence x. Denoting by F the forward
shift
F (x(1), x(2), x(3), . . .) = (0, x(1), x(2), . . .)
we define
x =
∑
l,m≥1
∑
n∈A(l,m)
1
λ
n
m
F ny
1
m
l .
Since, with (2.12),
∑
n∈A(l,m)
∥∥∥ 1
λ
n
m
F ny
1
m
l
∥∥∥ ≤ l
∑
n∈A(l,m)
1
|λ|
n
m
,
it follows from (2.14) that the series defining x converges in X .
It remains to show that, for every m′ ≥ 1, the power xm
′
of x is A-hypercyclic.
To see this, let l′ ≥ 1 and n′ ∈ A(l′, m′). Then
T n
′
xm
′
= yl′ +
∑
l,m≥1
∑
n∈A(l,m)
n>n′
λn
′
λn
m′
m
F n−n
′
y
m′
m
l ;
here we have used that the sets A(l, m) are pairwise disjoint, that the terms with
n < n′ vanish since n′ − n ≥ l ≥ sl for any n ∈ A(l, m), l, m ≥ 1, and that the
operator F is multiplicative so that it commutes with taking powers.
We therefore conclude that
‖T n
′
xm
′
− yl′‖ ≤
∑
l,m≥1
∑
n∈A(l,m)
n>n′
1
|λ|n
m′
m
−n′
‖y
m′
m
l ‖
≤
∑
l,m≥1
( ∑
k≥m+l+l′
1
|λ|k
)
lmax(
m′
m
,1) (by (2.13) and (2.12))
= C
∑
l,m≥1
1
|λ|m+l+l′
lmax(
m′
m
,1)
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≤ C
( ∑
1≤m<m′
∑
l≥1
lm
′
|λ|l
+
∑
m≥m′
1
|λ|m
∑
l≥1
l
|λ|l
) 1
|λ|l′
= Cm′
1
|λ|l′
,
where C = 1
1−|λ|−1
and Cm′ is a constant that only depends on λ and m
′. Now,
since 1
|λ|l′
→ 0 as l′ → ∞, the sequence (yl) is dense in X , A(m
′, l′) ∈ A for
all m′, l′ ≥ 1 and A is f.i., we deduce that xm
′
is A-hypercyclic, as had to be
shown. 
It is easy to see that the theorem applies to upper frequent hypercyclicity. But
the conclusion even holds for a stronger notion of A-hypercyclicity that is defined
by some lower type density. Indeed, the lower logarithmic density of a set A ⊂ N0
is defined by
log-dens(A) = lim inf
N→∞
∑
1≤n≤N,n∈A
1
n∑
1≤n≤N
1
n
.
Let Alog be the Furstenberg family of all sets of positive lower logarithmic density,
which is obviously finitely invariant. Now, since for any subset A ⊂ N0,
log-dens(A) ≤ dens(A),
see [15, Lemma 2.8], we have that Alog-hypercyclicity implies upper frequent
hypercyclicity.
Corollary 2.5. Let X = ℓp, 1 ≤ p < ∞, or X = c0, be considered as a Banach
algebra under coordinatewise multiplication. Then, for any |λ| > 1, λB admits
an algebra of Alog-hypercyclic vectors, except zero. In particular, it admits an
algebra of upper frequently hypercyclic vectors, except zero.
Proof. We may work equivalently with the density
d(A) = lim inf
N→∞
∑
2≤n≤N,n∈A(log2(n)− log2(n− 1))
log2(N)
.
This follows from the fact
log2(n)− log2(n− 1)
1/n
converges to a strictly positive number as n → ∞, so that the sets of positive
density for d and log-dens coincide.
For l, m ≥ 1, let I(l, m) be the set of all numbers n ∈ N whose dyadic repre-
sentation n =
∑∞
j=0 aj2
j =: (a0, a1, a2, . . .) has the form
n = (0, . . . , 0, 1, . . . , 1, 0, ∗)
with l−1 leading zeros, followed bym ones, then one zero, followed by an arbitrary
tail, see [17, proof of Lemma 9.5]. Since
22
r
m
− l
22r−1.3/2
→∞
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as r →∞, there is some rl,m such that
22
r
m
− l
22r−1.3/2
≥ 1
for all r ≥ rm,l.
We then define
A(l, m) =
⋃
r∈I(l,m),r≥rl,m
B(l, r)
with
B(l, r) = {22
r
+ 2l, 22
r
+ 4l, . . . , 22
r
+ 2Nl,rl},
where Nl,r is such that 2
2r + 2(Nl,r + 1)l ≤ 2
2r .3/2 < 22
r
+ 2(Nl,r + 2)l. Since the
sets I(l, m), l, m ≥ 1, and the sets [22
r
, 22
r .3/2], r ≥ 1, are pairwise disjoint, the
same is true for the sets A(l, m), l, m ≥ 1.
We first show that, for any l, m ≥ 1, d(A(l, m)) > 0. For this it suffices to
calculate the proportion of elements from A(l, m) in the set of natural numbers up
to 22
r
+2kl−1 for k = 1, . . . , Nl,r, where r ∈ I(l, m) is large; note that 2
2r +2kl is
the kth element of B(l, r). Since the difference between two consecutive elements
of I(l, m) is ρ := 2m+l, the block to the left of B(l, r) is B(l, r− ρ). By regarding
only the elements in this block, we find that the mentioned proportion is at least
∑Nl,r−ρ
s=1 (log2(2
2r−ρ + 2sl)− log2(2
2r−ρ + 2sl − 1))
log2(2
2r + 2kl − 1)
≥
∑Nl,r−ρ
s=1 (log2(2
2r−ρ + 2sl)− log2(2
2r−ρ + 2sl − 1))
log2(2
2r.3/2)
.
Since (log2(n)− log2(n− 1))n is decreasing, this quotient is at least
1
2l
∑2(Nl,r−ρ+1)l
ν=2l+1 (log2(2
2r−ρ + ν)− log2(2
2r−ρ + ν − 1))
log2(2
2r .3/2)
=
1
2l
log2(2
2r−ρ + 2(Nl,r−ρ + 1)l)− log2(2
2r−ρ + 2l)
log2(2
2r .3/2)
≥
1
2l
log2(2
2r−ρ.3/2 − 2l)− log2(2
2r−ρ + 2l)
log2(2
2r .3/2)
,
where in the last inequality we have used the definition of Nl,r−ρ. The last term
tends to 1
6l2ρ
as r →∞, which gives us that d(A(l, m)) > 0.
Now let n ∈ A(l, m) and n′ ∈ A(l′, m′) with n′ > n, for some l, m, l′, m′ ≥ 1.
If (l, m) = (l′, m′) then we have immediately that n′ − n ≥ 2l, which implies
(2.1) in this case.
If (l, m) 6= (l′, m′) then we have by definition of A(l, m) that also n′ ≥ n + l.
Moreover, n′ ∈ B(l′, r′) for some r′ ∈ I(l′, m′) with r′ ≥ rl′,m′, hence n
′ ≥ 22
r′
.
Also, n ∈ B(l, r) for some r ∈ I(l, m). Since I(l, m) and I(l′, m′) are disjoint and
n < n′, we have that r ≤ r′−1 and hence n+ l ≤ 22
r.3/2 ≤ 22
r′−1.3/2. This implies
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that
n′
m′
− l′
n+ l
≥
22
r′
m′
− l′
22r
′
−1.3/2
,
which is at least 1 by definition of rl′,m′. Hence we have that
n′
m
m′
≥
n′
m′
≥ n + l + l′,
which confirms (2.1) also in that case. 
Remark 2.6. The corollary can be further strengthened. For any m ≥ 1, consider
the densities
logm -dens(A) = lim inf
N→∞
∑
1≤n≤N,n∈A
logm−1(n)
n∑
1≤n≤N
logm−1(n)
n
,
which include the lower logarithmic density when m = 1. Then logm -dens(A)
decreases as m increases, see [15, Lemma 2.8], so that the corresponding Alogm-
hypercyclicities get stronger with increasing m.
Now, the derivative of x → logm2 (x) is x →
logm−1(x)
x
, up to a multiplicative
constant. This implies that logm -dens has the same sets of positive density as
dm(A) = lim inf
N→∞
∑
2≤n≤N,n∈A(log
m
2 (n)− log
m
2 (n− 1))
logm2 (N)
, A ⊂ N0.
One may now repeat the proof of the corollary to show that the same result also
holds for the notion of Alogm-hypercyclicity, for any m ≥ 1.
One might then be tempted to consider the densities
lim inf
N→∞
∑
1≤n≤N,n∈A
1
nα∑
1≤n≤N
1
nα
for α < 1 close to 1. But, interestingly, Ernst and Mouze [15, Lemma 2.10]
have shown that the corresponding A-hypercyclicities all coincide with frequent
hypercyclicity, so that the corollary fails for these densities.
3. The MacLane operator and frequently hypercyclic algebras
If the Rolewicz operator does not have frequently hypercyclic algebras, do other
weighted shifts have them? In this section, we only offer some more negative
results.
We first look at the MacLane operatorD : f → f ′ of differentiation on the space
H(C) of entire functions, which is endowed with its natural topology of locally
uniform convergence. It is well known that D is frequently hypercyclic, see [6].
When we identify H(C) with the space of sequences of Taylor coefficients at 0
of entire functions, D becomes a weighted backward shift with weights wn = n,
n ≥ 1:
D(x(0), x(1), x(2), . . .) = (x(1), 2x(2), 3x(3), . . .), x ∈ H(C).
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We turn H(C) into a Fre´chet algebra by endowing it with the product of coordi-
natewise multiplication, also called the Hadamard product on H(C); see [16] for
more details.
Now, the proof of Proposition 1.2 carries over to this setting.
Proposition 3.1. Let D denote the MacLane operator. If x ∈ FHC(D), then
there exists a natural number M such that xm /∈ HC(D) for any m ≥ M . In
particular, D does not have any frequently hypercyclic algebra.
Proof. We first note that
‖x‖1 =
∞∑
n=0
|xn|, x ∈ H(C)
defines a continuous seminorm on H(C). Now, let x ∈ FHC(D) and 0 < ε < 1.
Then the set
A = {n ∈ N : ‖Dnx‖1 < ε}
has positive lower density. Writing the elements of A as a strictly increasing
sequence (nk)k, we see from Lemma 1.1 that there exists a natural number M
such that
(3.1) nk+1 ≤Mnk
for all k ∈ N.
Now assume that xm ∈ HC(D) for some m ≥ M . Then there exists a natural
number n ≥ n1 such that
‖Dnxm − e0‖1 < 1− ε
m,
hence
1− εm > ‖Dnxm − e0‖1 ≥ |n!x
m(n)− 1| ≥ 1− n!|xm(n)|,
which implies that
|x(n)| >
ε
n!
1
m
.
There is some k ∈ N such that nk ≤ n < nk+1. It follows with (3.1) that
mnk ≥Mnk ≥ nk+1 ≥ n
and therefore (
n(n− 1) · · · (n− nk + 1)
)m
≥ n!,
hence
n(n− 1) · · · (n− nk + 1)
n!
1
m
≥ 1.
But then
ε > ‖Dnkx‖1 ≥
∣∣[Dnkx](n− nk)
∣∣ = n(n− 1) · · · (n− nk + 1)|x(n)|
>
n(n− 1) · · · (n− nk + 1)
n!
1
m
ε ≥ ε,
which is a contradiction. This shows that no xm, m ≥M , can be hypercyclic for
D. 
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In another direction one may hope that there is some weighted backward shift
Bw on the spaces ℓp or c0 that possesses a frequently hypercyclic algebra. Recall
that Bw is defined as
Bw(x(1), x(2), x(3), . . .) = (w(2)x(2), w(3)x(3), w(4)x(4), . . .),
where w = (w(n))n≥2 is a bounded sequence of non-zero complex numbers. In the
Rolewicz case, the weights wn = λ, n ≥ 2, are essentially the maximal weights
allowed by the continuity of the operator. Thus, by choosing smaller weights, a
frequently hypercyclic algebra might turn up. Recall that the weights cannot be
too small because, in ℓp, Bw is frequently hypercyclic if and only if
∞∑
n=2
1
|w(2)w(3) · · ·w(n)|p
<∞,
see [8]. We see, however, that for the spaces ℓp, an obstruction different from the
one observed for the Rolewicz operators appears when the weights are too small.
Proposition 3.2. Let Bw be a weighted backward shift on the Banach algebra ℓp,
1 ≤ p <∞, endowed with coordinatewise multiplication. Assume that |w(n)| ≥ 1
for all n ≥ 2 and that, for some integer m ≥ 2,
∞∑
n=2
1
|w(2)w(3) · · ·w(n)|
p
m
=∞.
Then, for any x ∈ ℓp, x
m cannot be frequently hypercyclic. In particular, Bw does
not have any frequently hypercyclic algebra.
Proof. Let x ∈ ℓp be such that x
m is frequently hypercyclic. Let 0 < ε < 1. Then
there is a strictly increasing sequence (nk)k of natural numbers and some M > 0
such that nk ≤Mk for all k ≥ 1 and
‖Bnkw x
m − e1‖ < ε, k ≥ 1;
see the proof of Lemma 1.1. Then we have that
ε > ‖Bnkw x
m − e1‖ ≥ |w(2)w(3) · · ·w(nk + 1)x
m(nk + 1)− 1|
≥ 1− |w(2)w(3) · · ·w(nk + 1)x
m(nk + 1)|,
hence
|x(nk + 1)| >
(1− ε)
1
m
|w(2)w(3) · · ·w(nk + 1)|
1
m
.
Since x ∈ ℓp we deduce that
∞∑
k=1
1
|w(2)w(3) · · ·w(nk + 1)|
p
m
<∞.
The fact that |w(n)| ≥ 1 for n ≥ 2 now implies that
∞∑
k=1
1
|w(2)w(3) · · ·w(Mk + 1)|
p
m
<∞
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and thus
∞∑
n=M+1
1
|w(2)w(3) · · ·w(n)|
p
m
≤M
∞∑
k=1
1
|w(2)w(3) · · ·w(Mk + 1)|
p
m
<∞,
which contradicts the hypothesis. 
The result applies, in particular, to the family of weights w = (w(n))n given
by
w(n) =
( n
n− 1
)α
, n ≥ 2,
with α > 0. Then Bw is frequently hypercyclic in ℓp if and only if α >
1
p
, but it
never admits a frequently hypercyclic algebra.
4. The set of frequently hypercyclic vectors is always
algebrable – in some sense
In this section we show that, for any frequently hypercyclic operator T on any
Banach space X , the set FHC(T ) of frequently hypercyclic vectors is algebrable –
one need only define a product on X suitably. In fact, the set FHC(T ) is always
densely lineable, i.e., it contains a dense linear subspace, except zero, see [6,
Proposition 4.2]. The idea is then to define a product under which this subspace
becomes an infinitely generated algebra. Of course, the trivial product (x, y)→ 0
would already do the trick. But there are somewhat less trivial products that
may also be considered.
Let X be a Banach space, and let ϕ be a non-zero continuous linear functional
on X with ‖ϕ‖ ≤ 1. Define
y ∗ x = ϕ(y)x, x, y ∈ X.
It is easily verified that (X, ∗) is a (non-commutative) Banach algebra. It has the
property that, for any x ∈ X and j ∈ N,
xj = ϕ(x)j−1x;
in particular, the algebra generated by a set coincides with the linear subspace
generated by the set. Hence the algebraic structure is not of great interest, but
it allows us to obtain the following.
Proposition 4.1. Let T be a frequently hypercyclic operator on a Banach space
X. Let ∗ be the product on X defined by a non-zero continuous linear functional
ϕ on X. Then the set FHC(T ) contains a dense, infinitely generated algebra,
except zero. In particular, FHC(T ) is algebrable.
Proof. By the mentioned result in [6], FHC(T ) contains a dense linear subspace
M , except 0. It follows from the definition of ∗ that M is even an algebra
under that product. Now, if it were finitely generated, then M would be finite-
dimensional, which is not the case. 
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Remark 4.2. One might object that the previous product is non-commutative.
The following product (x, y)→ ϕ(x)ϕ(y)x0, x, y ∈ X , where x0 is a fixed element
of X with ‖x0‖ ≤ 1, gives to X the structure of a commutative Banach algebra,
and if x0 6= 0 is an element of a dense linear subspace of FHC(T ), the product
defined by the functional ϕ satisfies Proposition 4.1.
We conclude this section by showing that in many cases we can consider a
suitable product on X in such a way that the set of frequently hypercyclic vectors
of an operator T is even strongly algebrable. Note that for the products considered
above, FHC(T ) is very far from being strongly algebrable; indeed, for these
products, x2 and x3 are not linearly independent.
We recall that a frequently hypercyclic subspace for an operator T is a closed
infinite-dimensional subspace of frequently hypercyclic vectors for T , except zero.
For operators that possess frequently hypercyclic subspaces we refer to [13], [18].
Theorem 4.3. Let T be a frequently hypercyclic operator on a Banach space
X. If T admits a frequently hypercyclic subspace, then there exists a product ×
on X so that (X,×) is a commutative Banach algebra and FHC(T ) is strongly
algebrable.
Proof. Since T admits a frequently hypercyclic subspace, there exists by Mazur’s
theorem a closed infinite-dimensional subspace V of frequently hypercyclic vectors
of T , except 0, that has a normalized Schauder basis. We split this Schauder basis
into two subsequences (xl)l≥1 and (ar)r≥1.
Let E be a countable dense subset of the set of finite sequences of norm at
most 1 in ℓ∞. Let Λ = (λk,r)k,r≥1 be a matrix so that each column belongs to E,
and each element of E appears infinitely often as a column.
For each r ≥ 1 we define the mapping φr on V as
φr(x) = a
∗
r(x) +
∞∑
l=1
λl,rx
∗
l (x),
where a∗r and x
∗
l are the coefficient functionals corresponding to the Schauder
basis of V ; note that the series is a finite sum. Since the coefficient functionals
are linear and continuous on V , we have that φr is linear and continuous on V .
By the Hahn-Banach theorem, we can extend the mappings φr to be defined on
X . Since φr(ar) = 1 = ‖ar‖, we have that ‖φr‖ ≥ 1 for all r ≥ 1.
Now, for any two points x, y ∈ X we define
y × x =
∞∑
r=1
2−r
‖φr‖2
φr(y)φr(x)ar.
We claim that (X,×) is a commutative Banach algebra.
The fact that × is commutative follows directly from the definition of the
multiplicative structure.
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We check now that the product is associative. Given x, y, z ∈ X we have that
z × (y × x) = z ×
( ∞∑
r=1
2−r
‖φr‖2
φr(y)φr(x)ar
)
=
∞∑
s=1
∞∑
r=1
2−s−r
‖φs‖2‖φr‖2
φs(z)φr(y)φr(x)φs(ar)as
=
∞∑
r=1
2−2r
‖φr‖4
φr(z)φr(y)φr(x)ar (since φs(ar) = δr,s),
(4.1)
and similarly
(z × y)× x =
( ∞∑
r=1
2−r
‖φr‖2
φr(z)φr(y)ar
)
× x
=
∞∑
s=1
∞∑
r=1
2−s−r
‖φs‖2‖φr‖2
φr(z)φr(y)φs(ar)φs(x)as
=
∞∑
r=1
2−2r
‖φr‖4
φr(z)φr(y)φr(x)ar.
Therefore z × (y × x) = (z × y) × x and × is associative on X . Also, for all
x, y ∈ X ,
‖y × x‖ ≤
∞∑
r=1
2−r
‖φr‖2
|φr(y)||φr(x)|‖ar‖
≤ ‖y‖‖x‖
∞∑
r=1
2−r = ‖y‖‖x‖.
Hence, (X,×) is a commutative Banach algebra.
We note for later use that, by (4.1) generalized to higher products and applied
to points in the sequence (xl)l≥1, we have for any j1, j2, . . . , js ∈ N, s ≥ 2,
xj1 × xj2 × · · · × xjs =
∞∑
r=1
2−r(s−1)
‖φr‖2s−2
φr(xj1) · · ·φr(xjs)ar
=
∞∑
r=1
2−r(s−1)
‖φr‖2s−2
λj1,r · · ·λjs,rar,
and hence for any multi-index β = (β1, β2, . . . , βs) ∈ N
s
0, s ≥ 1, with |β| ≥ 2,
(4.2) xβ11 × x
β2
2 × · · · × x
βs
s =
∞∑
r=1
2−r(|β|−1)
‖φr‖2|β|−2
λβ11,r · · ·λ
βs
s,rar.
Let B be the algebra generated by the sequence (xl)l≥1. It follows from the
definition of the product that any element in B is the sum of a linear combination
of certain xl and a convergent series in multiples of the al, so that B ⊂ V . This
implies that any non-zero element of B lies in FHC(T ).
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To finish we only need to show that the sequence (xl)l≥1 is algebraically in-
dependent. Assume that this is not the case. Then there exist a finite set of
multi-indices I ⊂ Ns0 and complex numbers cβ, β ∈ I, not all of them zero, such
that
(4.3) 0 =
∑
β∈I,β 6=0
cβx
β1
1 × · · · × x
βs
s =
s∑
l=1
ηlxl +
∞∑
r=1
γrar
for some complex numbers ηl and γr, l, r ≥ 1, where the final series converges in
X .
Note that, since the union of (xl)l and (ar)r is a Schauder basis for V , we have
that ηl = γr = 0 for all l, r ≥ 1. We will show that this leads to a contradiction.
In fact, it is clear from the construction of the product that each coefficient cβ
with |β| = 1 coincides with one of the ηl, l ≥ 1, hence all of these cβ must be
zero. We show now that not all γr can be equal to zero.
In order to see this, consider the complex polynomial P defined in Cs by
P (z1, . . . , zs) =
∑
β∈I,β 6=0
cβz
β1
1 · · · z
βs
s .
Since some cβ 6= 0, P is non-zero. Assume that P has degree M . We denote by
Pj , . . . , PM the homogeneous parts of P , so P (z1, . . . , zs) =
∑M
m=j Pm(z1, . . . , zs),
and Pj is a non-zero j-homogeneous polynomial. Note that j > 1 by our previous
argument.
It follows from (4.2) that, for j ≤ m ≤M ,
∑
β∈I,|β|=m
cβx
β1
1 × · · · × x
βs
s =
∞∑
r=1
2−r(m−1)
‖φr‖2m−2
( ∑
β∈I,|β|=m
cβλ
β1
1,r · · ·λ
βs
s,r
)
ar
=
∞∑
r=1
2−r(m−1)
‖φr‖2m−2
Pm(λ1,r, . . . , λs,r)ar,
and hence
∑
β∈I,β 6=0
cβx
β1
1 × · · · × x
βs
s =
∞∑
r=1
( M∑
m=j
2−r(m−1)
‖φr‖2m−2
Pm(λ1,r, . . . , λs,r)
)
ar.
Thus (4.3) implies that
(4.4) γr =
M∑
m=j
2−r(m−1)
‖φr‖2m−2
Pm(λ1,r, . . . , λs,r), r ≥ 1.
Now, since the polynomial Pj is not identically zero, there exists, by the defi-
nition of Λ, some r ≥ 1 with
|Pj(λ1,r, . . . , λs,r)| > 0.
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Consider the columns (λk,rn)k, n ≥ 1, of Λ that coincide with (λk,r)k. Then we
obtain that
∣∣∣
M∑
m=j
2−rn(m−1)
‖φrn‖
2m−2
Pm(λ1,rn, . . . , λs,rn)
∣∣∣ =
∣∣∣
M∑
m=j
2−rn(m−1)
‖φrn‖
2m−2
Pm(λ1,r, . . . , λs,r)
∣∣∣
≥
2−rn(j−1)
‖φrn‖
2j−2
(
|Pj(λ1,r, . . . , λs,r)| −
M∑
m=j+1
2−rn(m−j)
‖φrn‖
2(m−j)
|Pm(λ1,r, . . . , λs,r)|
)
> 0
for all numbers n ≥ 1 that are big enough, where we have used that ‖φr‖ ≥ 1 for
all r ≥ 1.
Therefore, by (4.4), we have that γrn is non-zero for some n ≥ 1, which is the
desired contradiction. 
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